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For simplicity we shall assume that the boundary of the domain Γ is twice continuously differentiable, $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
--------

see \[[@CR4]\]
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Remark 2 {#FPar2}
--------
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Theorem A {#FPar3}
---------

see \[[@CR5]\]

*Let* *g* *be a measurable function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial{T_{n}}$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{\partial{T_{n}}}\frac{|g(Q)|}{1+|Q|^{n}} \,dQ< \infty. $$\end{document}$$ *Then the harmonic function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{PI}_{T_{n}}[g]$\end{document}$ *satisfies* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{PI}_{T_{n}}[g](P)=o(r \sec^{n-1}\theta_{1})$\end{document}$ *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\rightarrow\infty$\end{document}$ *in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{n}$\end{document}$.

Results {#Sec2}
=======

We first obtain the solutions of the Dirichlet problem with continuous data on the boundary of a cone.

Theorem 1 {#FPar4}
---------
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                \begin{document} $$\begin{aligned}& \mathbb{PI}_{\mathfrak{C}_{n}(\Gamma)}[g](P)\in C^{2}\bigl(\mathfrak {C}_{n}(\Gamma)\bigr)\cap C^{0}\bigl(\overline{ \mathfrak{C}_{n}(\Gamma)}\bigr), \\& \Delta\mathbb{PI}_{\mathfrak{C}_{n}(\Gamma )}[g](P)=0 \quad \textit{in } \mathfrak{C}_{n}( \Gamma), \\& \mathbb{PI}_{\mathfrak{C}_{n}(\Gamma)}[g](P)=g \quad \textit{on } \partial { \mathfrak{C}_{n}(\Gamma)}, \\& \lim_{r\rightarrow\infty, P=(r,\Theta)\in \mathfrak{C}_{n}(\Gamma)}r^{\frac{n-\gamma-1}{p}}\varphi ^{n-1}(\Theta) \mathbb{PI}_{\mathfrak{C}_{n}(\Gamma)}[g](P)=0. \end{aligned}$$ \end{document}$$

For the related results about the growth properties of $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar5}
-----------
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From Theorem [1](#FPar4){ref-type="sec"} we immediately have the following result.

Corollary 2 {#FPar6}
-----------

*Let* *g* *be a continuous function on* $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar7}
---------
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Remark 3 {#FPar8}
--------

Equation ([8](#Equ8){ref-type=""}) is equivalent to ([7](#Equ7){ref-type=""}) in the case $\documentclass[12pt]{minimal}
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Lemmas {#Sec3}
======

The following estimates of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{P}_{\mathfrak{C}_{n}(\Gamma)}(P,Q)$\end{document}$ play an important role in our discussions.

Lemma 1 {#FPar9}
-------

see \[[@CR13]\], Lemma 4 and Remark
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Lemma 2 {#FPar10}
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Lemma 3 {#FPar11}
-------

see \[[@CR14]\]
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Proof {#FPar12}
-----

Apply the second Green formula to the subharmonic function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(t,\Phi)$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v(t,\Phi)= \biggl(\frac{1}{t^{\gamma-1}}-\frac{t^{\aleph ^{+}}}{R^{\chi}} \biggr)\varphi=\psi(t) \varphi $$\end{document}$$ in the domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathfrak{C}_{n}(\Gamma;(r,R))$\end{document}$.
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Lemma 4 {#FPar13}
-------
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Proof {#FPar14}
-----
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Proof of Theorem [1](#FPar4){ref-type="sec"} {#Sec4}
============================================
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Proof of Theorem [2](#FPar7){ref-type="sec"} {#Sec5}
============================================
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Conclusions {#Sec6}
===========

In this paper, we discussed the improved Poisson type inequalities with respect to a cone only using gradient information. They inherited the advantages of the Poisson type conjugate gradient methods for solving the unconstrained minimization problems, but they had broader application scope. Moreover, the integral representations of harmonic functions are also obtained.
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